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THE STUCTURE SEMIOTIC ‘MYSTERY’ OF THE GRAPHS

John-Tagore Tevet

Abstract: Given a method, where by ‘semiotic invariants’ dmnstructed canonical presentation
mode of the graphs can be solve various classiwin@n-classical problems in a compact non-
classical way.
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SOME INITIAL OPINIONS

Structure semioticq1], specify,semiotics of the structure a research domain in the limitary of
graph theoryandsemioticsUnder consideration is tleeructure of a graplas such.

Structure (Latin word structura (inner)building) is aphilosophical categorythat is defined aa
steady relation or organizing of system elemdgis Organizing is an integral phenomenon at
connectivity, branching, regularities, symmetry. € the other side, structure is an abstraction of
the system, its ,skeleton®, where its elements #ralr relationships be lose at their empirical
meanings and to substrate is only its organizing.tike concept of structure is inherent an singular
at the same time an universal relation typsomposition -that is expressable mathematically by
equations, matrices, graphs etc. Thelitative differencedetween structural elements depend on
their connectivity mode in structure — at thpwsitionsin the structure. And so, structure is a
formation of mutually related elements that is pregable ingraph form. To note, that the exact
definition of structure give bisomorphismconcept. Structure is tleanonical representatiorof a
class the isomorphic graphs

Semioticsdeal with study theneaning, communication- and interpretation proces#esign in
semiotic system is an entity which signifies ano#mity, it is related witltognition and thinking
To structural signs are speciemiotic invariantsof a graph, what have intrinsic meaning.

Certainly differs structure semiotic vision of tgeaphs in some respects at conventional. Emerge
new truths about graphs. A most essential strucaitabute issymmetry Also there are various
visions. Deeply is rooted the understanding alsgatmetry(A) as a kind of reflection. In fact is the
symmetry concept more extersymmetry(B) is a structural attribute that is expressed segalar
repetition (recurrence) of similar components (paoarticles) of an object in space and/or time [6]
The concept of symmetr] isin mathematicss defined as the existence the transitivity donudi
authomorphisms oorbits in AutG, i.e. in a graplG. An orbit is practically arequivalence class,
whereof elements have thegual positionsin structureGS. This conformity of positions be
expressed asymmetryof structure.

Solution of thereconstruction problemtakes place bysomorphism classesf greatest sub- and
smallest super-graphs.



1. SEMIOTIC ATTRIBUTES AND THEIR USING

1.1. Semiotic invariants

We issue from guesswork, that structure of a graphcognizable by identification its “elementary
particles” i.e. by vertex pairs. A vertex puiry is identifiable by its “relation” in the form of @air
graph g; as a subgraph that representsitibersection of their neighborhoods

Invariant +d.n.q;; of pair graph is asemiotic invariantof structure, where d-signify an usual
distance between disadjacent vertices am@ €ollateral distance between adjacent verticesd
v;; N —number of vertices ang — number of edges in the pair graph. Such semiotiariant we
call pair sign. A system of pair signs represented in the forreigih matrix S.It is realized on the
ground of a Semiotic Identification Principle asdirieatable astextof graph structure. Structure is
investigable just by a sign matrix.

Example 1.1.Results the Semiotic IP. Grafh, its pair signs, decomposed sign mat&xvith
frequency- and class vectors:

A:-2.6.11; B: -2.4.4; C: +2.4.6; D: +2.5.9; E: +3.6.11.
| 1 1 ll 2| 3 3| Uj k Si
2-1 5-3 | 12 3]4[5 6 i ABCDE 123
| 0O DD[Bl CC | 1 01220 1 202
1-1 4- 2 0O DBl CC| 2 01220 1 202
O/Bf CC| 3 01220 1 202
| O EE| 4 03002 2 002
| 0-A] 5 10301 3 310
3-1 6-3 0Of 6 10301 3 310

Comment:Sign matrix has recognized three vertex- and YViggex-pair classes, including three
edge- and two “non-edge” classes and also thetsteuas a whole.

The pair signs identify the paths, girths, clige&sattributes of a graph (Prop. 1.1). How to ried
pair signs? What are thestructural meaning® For example, a air sigrdrg, where €>2, identify
agirth (cycle)or theirassemblagevith lengthd+1 and it is calledirth sign. Etc.

1.2. Itemization the of reqularities

Structure has various well-known and unknawgularities. These are readable from sign maix
There exist following regularities (Def. 1.2): 1ydph, whereof vertices are with equal degree is
(degree)-regular2) Graph, whereof all the distances between disadit vertex pairs are equal is
distance-regular 3) Graph, whereof all the vertices belong the same number times to girthis wi
lengthn—a is girth- or circle-regular. 4) Graph, whereof all the vertices belong the same number
times to clique with powen-b is clique-regular. 5) Graph saidtrongly regularwith parameters
(k,a,b) if it is a k-degree-regulaincomplete connected graph such that any two adjaertices
have exactlya™>0 common neighbors and any two non-adjacent veriieeeb>1 commons.

Both regularity and symmetrB} constitute recurrence the “similar” elements. Ve consist the
distinction of regularity and symmetry? The “simifg’ of regularity appears by the elementary
properties, i.e., the properties of vertices arartpairs. The “similarity” of symmetry appears by
the global properties, i.e., the properties thgietel from the structureSimilarity, as the equal
positionsthe vertices and vertex pairs in structure, irtbits, are properties of the structure.

Note: The range numbers of definitions etc correspordetto the numbers in basic text.



1.3. Girth- and clique reqularity

Cligue recognition is a popular task of graph tge@irt recognition for some reason or other not.

Ideology of almost all clique recognition algoriterbe grounded on the distinction the vertices that
belong to a greatest clique, from others. Methoals that purpose are elaborated in gross.
Unfortunately not go off to find a clique fan, wisointerested on clique regularity.

For example (Ex. 1.isymmetricandstrongly regularPetersen graph &qirth regular, it has 12
girths, where each vertex belong to six girths each edge belong to four girths. Its complement is
4-clique regular it has Sintercrossedpartial cliques, where each vertex belongs to diiues and
each edge belong to one clique. If clique has anmgaand if it is findable then usually is it educe
In case of clique regularity so no done, even thaogch with a warrantable phenomenon.

Somerelationships between symmetrgirth- and clique regularity(Prop. 1.2) a) All the vertex
symmetric(“transitive”) graphs are even dirth regular or clique regular or girth- and clique
regular — and contrariwiseb) The complement of @disymmetricor of aedge-symmetrigirth
regular graph isclique regular c) A poly-symmetriggraph can be at the same timegath- and
clique regular. For example (Ex. 1.4), the complement of edge sgtrimmand5-girth regular
dodecahedron 8-clique regularwith five intercrossedpartial cliques.

Partial cliques (Prop. 1.3) of a clique regular graph candeconnected, mutually connected or
intercrossedComplement of an-partite graph in case of equalparts isn-clique regular with the
numberm of non-intercrossed-cliques For example (Ex. 1.5), complement lmpartite and 5-
girth regular Heawood’s graph i8-clique regularwith two mutually connectegartial cliques.

1.4. Bisymmetry, cligue- and strong regularity

There exist an interest relationship between bisginynclique- and strong regularity. Bisymmetric
graph has just one edge orbit and one “non-eddat, aris represented only by two pair signs.

Example 1.7..GraphB6-3, its complementB6-12 their pair signs, sign matrices and common
symmetry characteristics:

A:-0.2.0; B:+1.2.1.
6| AB deg
41 1
41 1
41 1
1
1
1

41
41
41
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A:-2.6.12; B:+2.4.5.

AB deg
14
14
14
14
14
14
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SRV HR SR aut
3'12' [ 0.2173 | 0.8152 48




Commentsa) GraphB6-3 and its complemerB6-12 are bisymmetric.b) GraphB6-3 consist of
three disconnected 2-clique# is 2-clique regular ¢c) ComplemenB6-12 is three partite where
its parts correspond to 2-cliquesB8-3. It is a so callegbartite clique exactly with a2-tri-clique,
generally callech-m-clique It is simply sight that all the vertices belongriangles

Example 1.8. Graph B6-6, its complementB6-9, their pair signs, sign matrices and common

symmetry characteristics:
A:-0.2.0; B: +2.3.3.

1 2 | 1 2 3 4 5 6| i ABC deg
| 0O-A B-A B -A] 1 32 2
3 4 0O-A B-AB| 2 32 2
0-A B-A] 3 32 2
0-A B| 4 32 2
0-Al 5 32 2
5 6 0 6 32 2
A:-2.5.6 B:+3.6.9.
1 2 | 1 2 3 4 5 6] i ABdeg
| 0O BAB -AB| 1 23 3
3 4 O B-AB -Al 2 23 3
0O B-A B| 3 23 3
0O B-Al 4 23 3
0O B 5 23 3
5 6 o 6 23 3
SRV[ HR SR |aut

6'9' [ 0.2923 | 0.7515 72

Commentsa) GraphB6-6 and its complemeri26-9 arebisymmetric.b) GraphB6-6 consist oftwo
disconnected 3-cliquest is 3-clique regular c) ComplementB6-9 is bipartite, where its parts
correspond to 3-cliques &6-6. d)B6-9 is a3-bi-clique that is4-girth regular. e) Pair sign+3.6.9
cover all then=6 vertices and all thg=9 edges, it is theomplete invarianof B6-9.

On therelationships between bisymmetry and partial cligu@rop. 1.4) a) Thecomplemenbf a
graph withm equaldisconnected cliquas abisymmetrian-partite complete graph.e. it is an-m-
cliqgue — and contrariwise. For example, the complementhefstructure with two disconnected
cliques is abi-clique, with three disconnected cliques istraclique, etc. b) On the aspect of
bisymmetry no essential is the structalisconnectedr connectedb) All the n-m-cliques with
equal powen and their complements dpessymmetricc) A n-m-cliqgue contain an usual clique with
the powem, it is m-clique regular For example, bi-clique i8-clique regular tri-clique is3-clique
regular, etc. d) A bisymmetric n-m-cliqgue contain s=n" usual cligueswith power m. e)
Correspondingly to the number of parts we caftha-clique to bi-, tri-, quadro-, quinta-, sexta-,
septa-, octa-, nona-, decasy undeca-etc-clique. For example, there exist foarm-cliqueswith
12 vertices 2-sexta-, 3-quadro-, 4-triand 6-bi-clique as complements of disconnected 2-, 3-, 4-
and 6-cligues correspondingly. Thus, then-cliquesare simply constructable.

The properties that are connected wsgtiong regularity (Prop. 1.5) a) All the connected
bisymmetric2-distance regular structures ateongly regular but no on the contrary) All the n-
m-cliquesarestrongly regular but no on the contrarg) The connected complemeat a strongly
regular structure is alsirongly regular



Among the graphs with 20 vertices are 27 bisymmestrongly regulam-m-cliques plus 12
bisymmetric strongly regular graphs that no anm-cliques. Consequently, among the structures
with 1 to 20 vertices there exists 27+12=39 bisymmimestrongly regular+clique- or girth regular
graphs (Ex. 1.9).

Usually are thdists of strongly regular graphsicomplete. For example, in the list [9] lack 31
bisymmetric+strongly regular structures with 4 \&rtices. In the “most complete” list strongly
regular structures [10] where are give 33 strusturamong these also-m-cliques lack
unfortunately six structures. Semiotic approacltalisrs some new strongly- and clique regular
structures.

2. THE SYMMETRY PROBLEM: ORBITS

2.1. Orbits: equal positions in the structure

Symmetryis there treated on i8-meaning, that expressed as existezleenents of the same kjnd
specifically elements on thexjual positionsn structure that appears in tegual remain structures
that obtained after removal the equal elementsp(Rrb). Symmetry is a more essential attribute of
structure.

Structural recognition of equal positions or symmydbake place by orbits in sign matri.
Confuse termorbit is a concept of group theory and need here datibn. A permutation the
vertices or vertex pairs that retain the strucwalled automorphisme.. It is be expressed as an
inner- or local isomorphism(isomorphism with itself)Automorphisms form an automorphism
group of graphAutG. The group divides to certaitransitivity domainsor orbits £, whereof
elements take fothe same kindr to equivalent Usually be interested mainly on vertex orbits.
Useful to begin at orbits of vertex pairspair orbits.

The relationships betweeautomorphisms, local isomorphisms, pair sig@sd pair orbits are
seated by corresponding principles (Prop. 2.2)afditivity domain ofautomorphismgorrespond
to aclass the local isomorphisnis, of remain structureshat are replaceable wigair graphs The
elements. i.e. pairs, of isomorphism cl&igsare identified by equadair signsin decomposed sign
matrix and constitute pair orbit 2R, of edges or “non-edges”. The classes of vertiogsvartex
pairs on the Example 1.1 are in fact verté®4 and pair orbit¥2R, correspondingly. The orbits,
that be recognized by group theoretic and structwrays, coincide! Graphs with different
structures can be have one and same ghoii3, but have different sign matric&sEtc.

2.2. Symmetry kinds and measuring

There exissymmetry kindsof graph structure (Prop. 2.4), such &sa graphG, that has only one
vertex orbiteV, is avertex symmetric graplvhatever alsdransitive called;b) vertex symmetric
graph that has only one edge orbit (i.e. pair(+)p@R," and only one “non-edge” orbit (i.e. pair(—
)orbit) 2R, is abisymmetric graph(for example, Petersen graph);vertex symmetric graph that
has one pair(+)orbif2R,” and several pair(-)orbit®R,” is anedge symmetrior (+)symmetric
graph (for example Heawood’'s graphd) vertex symmetric graph that has several pair(H{®rb
R, and several pair(-)orbif@R," is apoly-symmetric grapl{for example Franklin’s graphg) a
graphG, that has more than one vertex o@\y, whereby at least to on@Vy belong at least two
elements we capartially symmetric graphfor example Herschel's graph).



Symmetry ismeasurable(Prop. 2.6, 2.7), its value is 1, if there existyoone orbit; the value is 0,

if the number of orbits equal to the number of edats. It raise a possibility tmmpare, order and
groupingthe graphs with different size by symmetry valuBsit, how can be express or represent
the orbits? It is very simply! A pair ortdPR, is a part of structur&S and consist also of vertices
and edges. It is presentable as a partial graph.

2.3. Orbit structures

Orbit structure is a structure, whereof edges correspond to theioepair signs that represent a
certain pair orbit (Prop. 2.8). A structure, thatrespond to an edge orbit (pair(+)orbit) is a iphrt
structure of initial structure, and this that cepend to an “non-edge” orbit (pair(-)orbit) is atpd
structure of the complement. These open the “hidkildes” of structure (Prop. 2.9), that perhaps
also “mystical” can be. For example, an orbit e of Folkman’s graph is Petersen graph, etc.

The main problem is there tlggaph decomposition to its orbit-structure3rbit-graphs of vertex
symmetric (bi-, mono- and polysymmetric) graphsesoall the vertices of the graph. Orbit-graphs
of partially symmetric graphs cover only one veroelit.

Orbit-structuresopenits basic structure on the various aspects @edent its hidden properties
(Prop.2.10). If the basic structure is partite ontain components, cliques, girths etc, then emerge
the corresponding vertex complexes in the orbuestires in another form. It can be assert, that
orbit-structures are “kindred” or “genetic derivegs” of their basic structure. Different orbit-
structures of a graph or also different graga® be isomorphic or coincide~or example,
Hypercube and Md&bius-Kantor graph have some conmuriit-structures.

2. THE PROBLEMS OF CANONICAL REPRESENTATION AND ISO MORFISM

3.1. Canonical representation a graph

Canonical representation a graphmeans it show in a form which represents staucture
recommendatoryvith exactness up to isomorphisiirhis problem set up presumably Lazlo Babai
[11, 12] in year 1977. Canonical representatiorstitute, for example, also ttf8ecube codefl3].
Unfortunately these no contain data about the siracelf.

More deeply can be invade by semiotic invariantgn $natrix S is acanonical representatioof
graph with exactness up to gfructure,i.e. up topair signs, orbitsandisomorphism(Prop. 3.1)
Thus, such canonical representation is more th@magphism recognition. It is recognition of the
structure completely, where essential role hast edgiognition. For example (Ex. 3.1), all the 15
vertex orbits,80 edge orbitsand 74“non-edge” orbits of a partially symmetric and strongly
regular graphare canonically presented on the ground of eiypair signs

3.2. Deep identification the structure

In the case of large vertex symmetric graphs cathéeair signsd.n.q; stay insufficient to for
differentiation the pair orbit$&2R,,. There we use the methodsdeep identification. Using ahigh
degreem pair graphgy;" (P3.1.1), where toomplementary identifigthe pair sigrdng;™ of its high
degree pair graplg;". Such deep identification we cdligh identification. Using alocal sign
matrix S; for identify the first or high degree pair grapfR3.1.2). In such case take the
complementary identificatioplace on the ground local sign matris Such deep identification
we call local identification. Using aproduct EXEXEX...=E" of an adjacency matrix, whereof



elementsg;" identify themost length pathbetween vertices (P3.1.3). Such deep identifinatie
call product identification.

For example (Ex. 3.3) th@olysymmetric graphBRA, andPRAg have common pair signs:
A:-3.8.10; B:-3.6.7; C:-2.4.4; D:-2.3.2; E:+2.4.6 ;F:+3.8.16

There used thproduct identificationmethod. Specified by matrix produgf= deep pair signs of
graphPRAn:

Mar ki ng the common pair signs 0 [-A B -C -D E F
Productive pair signs e° 180 | 125 | 110 | 165 | 160 | 80 | 231 | 233 | 210
Mar ki ng the deep pair signs 0O [-A B -Q1 -C2 |-D | E1 | E2 F

Specified by matrix produd"=’ deep pair signs of gragPRAg:

Common pair Signs 0 -A -B -C -p E F
Productive signs e’ | 4410 | 3437 | 3276 | 3277 | 4081 | 4088 | 4011 | 3010 | 4831 | 4803 | 4445
Deep pair signs 0 -A Bl -B2 -Cp -C2] -C3| -D El E2 F

Consequently, grapiBRA, andPRAg arenon isomorphic

In case of hardly distinguishable bisymmetric atrdrgly regular graphs is suitable to useal
identification methodwhere from non-isomorphism the pair gra}gﬁé andgi,-B of corresponding
graphsGa andGg concludenon-isomorphisnof Gy andGg (Prop. 3.3, Ex. 3.5).

3.3. The graph isomorphism problem

Theisomorphism problens to design an algorithm that recognizes the mpmsm of two objects
The graph isomorphism problerfirst came into prominence in 1857, when Arthuryl€g [16]
reported his research on organic isomers.

The classical isomorphism recognitia® an answer to the question, is grdph isomorphic to
graphGg? If so, one must also provide the isomorphic suhigin. On the structural aspect we can
be say that graphs, andGg are isomorphidf and only if these have one and the same streictu
Isomorphism problem is solvable also by comparibensign matriceS, andSsg.

Example 3.8.Decomposed sign matric8g andSg of graphsGa andGg:

A:-2.5.7; B:+2.3.3; C:+2.4.6; D:+2.5.8; E:+3.6.11.

| 1 1 1 1| 2 2| U; si k | 1 1 1 1| 2 2| Ui si k
| 1234 56/ i ABCDE 12. |13 4 6|2 5 i A BCDE 12 .
| 0O DCC [A BJL 11210 311 | O CDC | B-A[I 11210 31 1
0O CCJ|-A B| 2 11210 311 0O CD|-A B|3 11210 31 1

0 D|B -Al 3 11210 31 1 = 0 ¢ B-Aj41 1210 31 1

0f B-A| 4 11210 31 1 O}jA B|6 11210 31 1

0 E 5 22001 212 0 E2 22000 212

0] 6 22001 21 2 0|5 22001 21 2

Structural Equivalence Principla) Sign matrices of graphis, andGg arestructurally equivalent,
SaxSg. Consequently, graphs are isomorp@ic=Gg. b) Structural equivalence of sign matrices,



SaxSg is one-to-one correspondenceéhe partial matrices Wik )a<>(Wie)s, pair orbits
(2Rn)a<>(£2R,)s and their corresponding pair sighsga<«>dngs.

Equivalence of structure&S,=GS; (Prop. 3.5) constitute an isomorphiga=Gg with exactness
up to components, parts, vertex orbi@Vk)a=({Vy)s, pair orbits {2Rn)a=(2R,)s, orbit graphs
(Gn)a=(Gn)s, pair graphsd;)a=(gj)s, etc. Structural equivalence no needs isomorphesiognition
on the aspect of vertex substitutions.

3.4. Canonical outputs of isomorphism algorithm

Only few isomorphism recognition algorithms givecanonical output of processing results.
Usually be limited laconically with phrase “isombig’ or “not isomorphic”. Recognition the
orbits no belong to isomorphism problem.

The correctpolynomial algorithm of Ashay Dharvadker et dR], (Ex.3.9) be grounded on the
formation of incomplete sign matric& ja Sg. These are decomposed up to frequency classes. In
the framework of these classes take place rearrtrgeowsi and columng to isomorphism
recognition with exactness up to substitution$he time complexity and recognition self are
proved in detail. The results are excellently disdi On the classical view point it is theneral
isomorphism recognition algorithmuith canonical and figurative outputs.

Isomorphism algorithm of Blazej Podsiadi®3] has to canonical output of a graph present its

biggest valughat no contain data about the graph, but enabBiifterentiate these, better as for
example 3-cube-codes. It do no realized up to gubehs (Ex. 3.10).

4. THE PROBLEMS OF ADJACENT STRUCTURES AND RECONSTRUCTION

4.1. Relationships between isomorphic graphs and ¢lir (G\vi)-subgraphs

Here is suitable to begin with a theorem, provedAbyTitov in 1975 [35]: “If all the G\v))-
subgraphs of graps are isomorphic, then automorphism grolgG is transitive on the set of
verticesV". It mean that grapf® is vertex symmetric (“transitive”),e. there exists only one vertex
orbit £Vy-1-x Which correspond just to one isomorphism clags-x of (G\vi)-sub-graphs.

There we return anew to problems of the relatiqgmsbietweerequal positionsandremain graphs

(Prop. 2.1) and relationships betweaautomorphisms, local isomorphisms, orb@asd semiotic

invariants (Prop. 2.2). Indeed, vertex orl¥Vy-1-k=£XVi=1, ..., Mi=zv)k=1= IS @ transitivity domain of
automorphisms iutG that be expressed by an isomorphism dass« of (G\vj)-sub-graphs and
is represented in the form of aguivalence classf vertices in partial matri, of decomposed
sign matrixS.

Between a vertex orbV, and G\v))-subgraphs be valid following proposition (Propl)4 “For
each vertex orbit V=0AVvi,....\ig)k, Kke[l, K], correspond an isomorphism class
IN={(G\W):z=...=(GC\v)¢}.“. It is demonstrated on Examples 4.2 and 4.3. S¥@e that an
isomorphism clas§ is practically an “isomorphism clique”. i.e. alie pairs of G\v,)-subgraphs
are isomorphic.

From isomorphism of orbits ensue according to Pdop.next proposition (Prop. 4.2): “From orbit
isomorphism &V )a=(Vi)s, ke[1, K], of isomorphic graph&a andGg ensue thésomorphism of
isomorphism classes (I'v)az(I'k)s, ke[l, K], where @G\W)ac(v)a and G\W)sc( I'k)s".

8



Isomorphism of isomorphism classe$)a=(I'k)s, of (G\vi)-sub-graphs, that accompany with
isomorphism of vertex orbits,«2Vi)a=({Vk)s, constitute practicallyan union of isomorphism
classeqI'k)aU(I'k)s, Where exist also inter-class isomorphis@s/)a=(G\v))g,

According to Titov theorem a vertex symmetric grdg@s only one isomorphism claBg-1-x of
(G\v))-sub-graphs, i.e. all its<3}v;)-sub-graphs are isomorphic.

4.2. The adjacent structures: greatest sub- and sr@st superstructures

There exist elementary operations with edgesefrfjoval an edg&\e; give agreatest sub-graph
G of G; 2) addition an edg&ue; give asmallest super-grapl®*of G. The greatest sub-graphs
G™P and smallest super-grah&” both callecadjacent graph<z®® of graphG (Def. 4.1)

There be valid following state (Prop. 4.3): “If tedge operationshave been appliedisjunctively,
{(fj)av...v(fi)q}n to the vertex pairs of an pair ort@R,=£Xria,....ljg)n Of a graphG, then the
disjunctive adjacent graphs of gragtiform an isomorphism clas§'n={( Gad‘n)lz...s(Gad’n)q}".

All the graphsG®® of an isomorphism clasg, have the same structure and represeridiacent
structure GS¥ of G is expressed by correspondisign matrixS*¥. In principle are all the graph
structuresGS also adjacent structur@&S*%, of some structures.

An edge operation that disjunctively transforstsuctureGS to an adjacent structu®S*Y, is
calledmorphism R, Frn: GS—»>GS, (Def. 4.2).

Therefore, morphisnir,: GS»>GS*F,, that is applied to gair(-)orbit 2R, of GS induce an
adjacent super-structur&S™,_ of GS and morphismF,.: GS»>GS',, that is applied to a
pair(+)orbit 2R, of GSinduce aradjacent sub-structur&S"%,, of GS.

Example 4.7.Graph structurésS.37 (6.9.4) by Graph Atlas [36] G163) and itdjacent super-
and sub-structures

A:-2.4.5; B:-2.3.2; C:+2.3.3; D:+2.4.5.

| 111222 | k
2-2 3-1 | 1 3 51 2 4 6] i ABCD 12
| O D DDC-AC|] 1 1022 1 22
1 4-2 0 D] CC -A 3 1022 1 22
OFA CC | b5 1022 1 22
| 0-B -Bj 2 1220 2 20
0 -B| 4 1220 2 20
6-2 5-1 0 6 1220 2 20

Entry of identifiers of adjacent structures andrebteristics of morphismis,:

GS GSI, 1 2
GS™ 29 30

GS.37 | kK(p) 2.2 (-B) |1.2 (-A)
PPUP 3/6 3/6
GS™,, 72 76

GS.37 | kK(p) 1.1 (+D) |1.2 (+0
PP . 3/9 6/9




Where, GSF,. and GS™*®,, — range number adjacent structure correspondingky;— index of
partial matrixS ¢ that contain binary orbit, whefp) to concretize the pair orbit in therelfE, —
percentage of pair orbit enorphism probability.

Adjacent super-structures by pair orbB, GSP- 5, (GS.29(6.10.11),by Graph Atlas G184) and
by pair orbit-A, GS*"= A, (GS.30(6.10.12) by Graph Atlas G180) and their matricgs

S

DEG= 2‘3243 DEG= 231425l
A:-2.5.8; B:-2.4.5; C:-2.3.2; A:-2.4.5; B:-2.3.2;
D:+2.3.3; E:+2.4.5. C:+2.3.3; D:+2.4.6; E:+2.5.8.
| 1]12|3 3|4 4 | k | 112 2| 3|4 4 | k
| 1] 4 3 5] 2 6] i ABODOE 1234 | 1] 3 5] 4 2 6] i ABCDE 1234
| 0-Bf E E|J] EE | 1 010041 0022 | O E Ef DD CC | 1002121 0212
| O DD |-C -C| 4 012202 0020 | 0 D| D] C-A] 3 101212 1111
| 0 E|] D-A] 3 100223 1111 0O DF-A C | 5 101212 1111
0O-A D | 5100223 1111 | O-A -A] 4 200303 1200
| 0 D 2 101214 1011 | 0-B] 2 212004 1100
0] 6 101214 1011 0] 6 212004 1100

Comments:All the adjacent super-graphs by pair o8, GS*F,- s, areisomorphicand all the
adjacent super-graphs by pair orblt, GS* -4, are alsosomorphlc

Adjacent sub-structures by pair orbib, GS%,-.p, (GS.72(6.8.18),by Graph Atlas G148) and by
pair orbit+C, GS%-.c, (GS.76(6.8.22) by Graph Atlas G137) and their matric®s

Ly |

DEG= 2‘3243 DEG= 231425l
A:-2.4.4; B:-2.3.2; A:-3.5.6; B:-2.4.5; C:-2.3.2;
C:+2.3.3; D:+3.4.4. D:+1.2.1; E:+2.3.3; F:+2.4.5.
| 1 112]3 3|4 | k | 1] 21 3] 4] 5] 6| k
| 2 6] 1] 3 5] 4 i ABCD 1234 | 3] 1] 5] 2] 6] 4 i ABMEF 123456
| 0-B] (] C -BJ-B| 2 03201 0110 O FI F] E|-C] E|] 3 0010221 011101
0Ol C|I-B C|-Bl 6 03201 0110 | O EJ]E| DI-B] 1 0101212 101110
| 0 CC J-Al 1 10402 2020 | 0-B] -C] E] 5 0110213 110001
| 0 -A| D] 3 11213 1101 | 0]-C|-C| 2 012020 4 110000
0O D 511213 1101 | O]-A] 6 1031005 010000
| O 4 12024 0020 | O] 4 1110206 101000

Comment:All the adjacent sub-graphs by pair orbib, GS5,-.p, areisomorphicand all the
adjacent sub-graphs by pair orbi€, GS'".-.c, are alsasomorphic.
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Let there exist the isomorphic grapBg and Gg. Then, in the case of each pair of pair orbits
(L2Rn)a and @Rn)s, Ne[1, N], according to Prop. 4.2 exist isomorphic isomasphtlasses]t)a=(
In)s, Ne[1, N], of corresponding adjacent grapl@¥,)a and G*¥n)s, where G*¥)ac( I'n)a and
(G*Mg( I'y)s. We already k n o w, that isomorphic grapBgGs=Ge=... have isomorphic
adjacent graphssf¥ ) a=(G*%)sx(G*)c=. .. .

Now we can to formulate an essential Proposition:
Proposition _4.4. If the morphisms F,; GS—»>GSY, have been disjunctively applied

Fiv...vFnv...vFy to the orbitseRy,... . R,,... LRy of a graph structur&S, then we say that
structureGSis deconstructedo its adjacent structursGS% }=GS9,,....GS9,,...,GS\.

Indivisible structures cannot exist. We alreadyn kb w, that adjacent structu@S™%, mean an
isomorphism  class red, that can be contain isomorphic adjacent graphs
(G )1 =(G*) (G ). <GSV =129,

4.3. On the Ulam’s Conjecture

Reconstruction means anything restore. On the wewpf Ulam’s Conjecture[7] mean it a
relationship between two graphs and théB\v)-sub-graphs. We demonstrate that the graph
reconstructions are in the structure semiotics @spelefinitely solvable problem by vertex orbits
V¢ and corresponding isomorphism classes @#;f-sub-graphs. We demonstrate also that in
addition to vertex reconstructions there exist adge and “non-edge” reconstructions. It can be to
construct a “constructive system of reconstructions

We issue from this that grapgh is represented in the canonical form, i.e. inftven of complete
sign matrixS* that represenG with exactness up to isomorphism and orbits. lamthat all the
isomorphic graphs, G1=...2Gnz...=2Gu}k and only these, form aisomorphism clas$’x that is
presented by correspondiaguivalent sign matriceS*;~...~S*~...~S*y

The classical treatment of reconstruction, the ‘Wetdwn Ulam’s Conjectureis formulated as
follows: “Let graphG hasp verticesv; andH hasp verticesu;, with p>3. If for eachi, the sub-
graphsGi=G\v; andH;=H\u; are isomorphic, then the grapBsandH are isomorphic”

On structure semiotic aspect:

e Isomorphic graph& andH constitute no more thadifferent graphs of one and the same
isomorphism clask, G&Hc T, that haveone and the same structu&S andorbits that are
presented by equivalent sign matriGe$~Sy*.

e All the isomorphic sub-graphS\v; andH\u; divide to commorsub-structuregGS\vy)y, ...,
(GSW)x,..., (GSW)k of isomorphic graph& andH.

According to grand old man W.T.Tutte [37] the smatof reconstruction problem must start just
from isomorphism classes.

Consequently, we ignore the wording of Ulam’s Conjee, but not its sense, i.4) To study the
relationship between isomorphic graphs and th@iv;)- and G\gj)-sub-graphs2) At the level of
“pair-isomorphism”GzH go to the level ofsomorphism classeB or -cliques i.e. to the level of
structureGS.
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4.4. Reconstruction: the opposite operation of deastruction

To reconstructionof a graph structur&S we take there reconstructability the structureitsy
adjacent structure3S%,;

Proposition _4.5. If structure GS is deconstructed to its adjacent substructures
GS'™,...,.GS™,,....GS"\, ie. to its greatest substructure&(e;),, then their union
U(GSej)n, N"€[1, N'], reconstruct the same structu@s.

Commentsa) Let G is represented in the form of adjacent mafixDeconstruction the structure
GS to its adjacent substructures mean by Prop. 4igtlgt disjunctive removal an edge
(E\gj)1v...v(E\gjnv...v(E\gj)n In the case of each edge or pair(+)od2R,. This mean that in
each adjacent matri¥, lack a connection. Consequently their union retaons the graph,
(E\gj)1v...U(E\gj)nu...U(E\gj)n =E, E=G. b) Principally be valid (a) also then, when graph is
presented by its lidt of adjacent verticed {g;)i1u...u(L\gj)nu...U(L\gj)n =L, L=G. c) If a graph

G that belong to isomorphism claBss reconstructable by its adjacent structur&S*%,, then are
so also all other graplas, G¢, Gp, ... of isomorphism clask. d) Thus, Ulam’s Conjecture is true,
but its set up islestructiveand it verbatim tracking on the ground of canolhjagpresented, i.e. in
the form of sign matrices represented graplseiseless

Proposition 4.6. If structure GS is deconstructed to its adjacent superstructures
GS*,...,GS™,,...,GS™, i.e. to its smallest superstructur€3S(e;j)n, then theirintersection
N(GSuegj)n, N"€[1, N7, reconstructthe same structu@S

It is possible to set up another kind of reconstoumc(Prop. 4.7): Morphisnir is reversible— in
each adjacent structur6S¥ of GS exists an“opposite orbit R’, whereat used opposite
morphismF’ reconstructhe initial structuresS, F: GS*¥»GS

Definition 4.3. A system, that is formed from all th @ Il
structures with |Vb|ementsﬁi.e. non-isomorphic # Il
graphs with |V| vertice)GS" andmorphismqF} =70 ... A il s
between these whereby e m——— @ TN o
i the set{GSM is decomposed and ordere =,
by numbers of edge$E| into structural ™7 /ﬁ@f@MM’M@ e
levelsGSL, e - o

il where structure§&S in GSL are ordered by
essential structural measures,

we call to a Constructive System of prat
Reconstructionsor structural changesienoted by aRey
cSRY'where|V| is itsdegree[41]. '

Ir*l=9

Ix*l-8

"
B g fa*1-2

Example 4.9.The lattice of Constructive System ¢
RecognitionsCSR"~® [41] for the structures with
[V] 6 elements (see it on the complete text):

Ig*l-6

Ir*l=5

IRl =4

So as we know and can be see on the lattice ca
various (non-isomorphic) structures have sol
common adjacent structures. The latti
demonstrates, that edge reconstructivity is tr
Non-reconstructable structures cannot exist.

|5*l=3
|r* =2

I+ =1

[R*|=p
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Structural interpretation the Ulam’s Conjecture. Can be non-isomorphic grapa andGg have
structurally equivalent deep sign matri&%~Sg*, i.e. the same structu@S\=G?

An afterword

The main sense of ‘Mystery’ is the principle thaagh is an explicate of the structure. Already the
classical definitions of structure lead to thistfa®On the other words: the structure is under
consideration and recognizable on the basis ofaphgrStructural attributes are the same as of
graphs, but some from theses crop up by semiotariants.

If to compare graph theory and structure semidties their difference be expressed, as example,
on the ground of regularities and isomorphism preation. Isomorphism is one-to-one
correspondence of vertices with exactness up tar thgbstitutions. On the other hand is
isomorphism also one-to-one correspondence ofceartand vertex pairs with exactness up to
orbits and some other structural attributes.

On structural aspect are the relations of isomaemphand symmetry treated no solely pairwise, but
also as equivalence classes. Such opinions takeppuoach to reconstruction problem there, where
it is. However we call the ‘Mystery’, it belongsewmitably to graph theory.

Thank you for attention.

Tallinn, June 2010.
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